In this paper, various polynomial representations of strange classical Lie superalgebras are investigated. It turns out that the representations for the algebras of type P are indecomposable, and we obtain the composition series of the underlying modules. As modules of the algebras of type Q , the polynomial algebras are decomposed into a direct sum of irreducible submodules.
Introduction
Lie superalgebras were introduced by physicists as the fundamental tools of studying the supersymmetry in physics. Unlike Lie algebra case, finite-dimensional modules of finitedimensional simple Lie superalgebras may not be completely reducible and the structure of finite-dimensional irreducible modules is much more complicated due to the existence of so-called atypical modules (cf. [17] , [18] ). In his celebrated work [16] on classification of finite-dimensional simple Lie superalgebras, Kac found two families of exotic classical simple Lie superalgebras, which are called "strange" Lie superalgebras of type P and Q, respectively. These superalgebras do not have analogues in Lie algebras. The strange Lie superalgebras have attracted a number of mathematicians' attention.
Javis and Murray [9] obtained the Casimir invariants, characteristic identities, and tensor operators for the strange Lie superalgebras. Moreover, Nazarov [11] found Yangians of the superalgebras. In [2] , Frappat, Sciarrino and Sorba studied Dynkin-like diagrams and a certain representation of the strange superalgebra P (n). In addition, they [3] gave a certain oscillator realization of the strange superalgebras. Medak [13] generalized the Baker-Campbell-Hausdorff formula and used it to examine the so-called BCH-Lie and BCH-invertible subalgebras in the Lie superalgebra P (n). Penkov and Serganova [20] discovered a surprising phenomena that the multiplicity of the highest weight in the finite-dimensional irreducible representations of q(n) is in general greater than 1.
Gruson [8] computed the cohomology with trivial coefficients for the strange Lie superalgebras. Palev and Van der Jeugt [19] found a family of nongraded Fock representations of the Lie superalgebra Q(n). Gorelik [5] obtained the center of the universal enveloping algebra of the Lie superalgebra of type P . Serganova [21] determined the center of the quotient algebra of the universal enveloping algebra of the Lie superalgebra of type P by its Jacobson radical and used it to study the typical highest weight modules of the algebra. Medak [14] proved that each maximal invertible subalgebra of P (n) is Z-graded.
Moon [15] obtained a "Schur-Weyl duality" for the algebras of type P . Martinez and Zelmanov [12] classified Lie superalgebras graded by P (n) and Q(n). Brundan [1] found a connection between Kazhdan-Lusztig polynomials and character formulas for the Lie superalgebra q(n). Gorelik [6] obtained the Shapovalov determinants of Q-type Lie superalgebras. Stukopin [22] studied the Yangians of the strange Lie superalgebra of type Q by Drinfel'd approach. Gorelik and Serganova [7] investigated the structure of Verma modules over the twisted affine Lie superalgebra q(n) (2) .
One way of understanding simple Lie algebras and simple Lie superalgebras is to determine the structure of their natural representations. Canonical polynomial irreducible representations (also known as oscillator representations in physics (e.g., cf. [4] )) of finitedimensional simple Lie algebras are very important from application point of view, where both the representation formulas and bases are clear. In [10] , we determined the structure of certain noncanonical polynomial representations of classical simple Lie algebras, in particular, their irreducible submodules. In this paper, we want to generalize the above results to the strange simple Lie superalgebras. The details are as follows.
Throughout this paper, we denote by Z the ring of integers and by N the set of nonnegative integers. For convenience, we also use the following notation of indices:
where i ≤ j are integers. Let E i,j be the matrix whose (i, j)-entry is 1 and the others are zero. Moreover, all the vector spaces are assumed over C, the field of complex numbers. The general linear Lie superalgebra gl(m|n) = gl(m|n)0 ⊕ gl(m|n)1 with
be the polynomial algebra in bosonic variables x 1 , · · · , x m and fermionic variables θ 1 , · · · , θ n , i.e.
Take an integer r ∈ 0, m. Define an action of gl(m|n) on A by
(1.4)
Then we obtain a representation φ r : gl(m|n) → gl(A), which is obtained from the canonical polynomial representation by swapping ∂ x i and −x i for i ∈ 1, r. In this case, the degree operator
It is straightforward to verify that all A k are irreducible gl(m|n)-submodules and A = k∈Z A k . This is the starting point of this work. In this paper, we always assume n ≥ 3. Recall that the simple strange Lie superalgebra
is a subalgebra of gl(n|n). Denote by φ P r = φ r | P (n−1) the restricted representation with m = n, by A r the underlying module A and by A r k its submodule A k . Furthermore, the notation S stands for the submodule generated by a set S. The notationf means that f is missing in an expression. 
Furthermore, A n 0 has a composition series
In the case of 1 ≤ r ≤ n − 1, we have the following composition series:
(1.14)
Recall that the Lie superalgebrã
is a subalgebra of gl(n|n). Denote by φ Q r = φ r |Q (n−1) the restricted representation with m = n, by A r the underlying module A and by A r k its submodule A k . Let I 2n be the 2n × 2n identity matrix, i.e. I 2n = 2n i=1 E i,i . Then CI 2n is the center ofQ(n − 1) and the simple strange Lie superalgebra The proof of Theorem 1 is given in Section 2. In Section 3, we prove Theorem 2.
Proof of Theorem 1
In this section, we investigate the representations φ P r of the strange simple Lie superalgebra P (n − 1) in (1.7).
Note that
forms a Cartan subalgebra of the even subalgebra
(cf. (1.2) ). Moreover, we have the subalgebra
where 0 ≤ t ≤ n. Then all A r k, t form P (n − 1)0-submodules. Moreover,
We first introduce a lemma, which will be used for proving linear independence.
We study the P (n − 1)-module structure of A r k according to the following three cases.
r = 0
In this case,
k are finite-dimensional P (n−1)0-modules, which are completely reducible. Denote by U(G) the universal enveloping algebra of a Lie (super) algebra G. Lemma 2.2 Suppose k > 1 and 1 ≤ t < min{k, n}. As P (n − 1)0 submodules,
Moreover, the set
is a basis of U(
is a basis of U(P (n − 1)0)(x
Proof. Denote
First we claim that
for distinct i p ∈ 1, n and β ∈ N n such that |β| = k − t + 2. It it straightforward to verify
Thus we have
for α ∈ N n such that |α| = k − t and 
By the similar arguments as in the above, we have
we have
We still have to check the linear independence of (2.9) and (2.10). Assume
Considering the coefficient of
By Lemma 2.1, we get c
By Lemma 2.1 again, we get d
Proof. The first statement is obvious. We will prove the others by several steps.
In fact,
Now we have to show that
It is sufficient to check
by PBW Theorem. Note that if n − t < i, j ≤ n,
and
we get
Hence (2.35) holds.
for t < t 0 and
4) It is easy to check
By the similar argument as in 3), we get A 0 n / θ 1 · · · θ n is irreducible.
r = n
In this case, A n k = 0 if k > n. Moreover, all A n k are finite-dimensional P (n − 1)0-modules, which are completely reducible. Again we deal with the
as P (n − 1)0-submodules. Moreover, the set
It is straightforward to check
(2.56)
So we obtain g 
Furthermore, in terms of (2.52),
Proof. The first and second statement are trivial. Now assume k ≤ n − 2.
1) The module x
There should be a weight vector g ∈ f such that P (n−1) + 0 (g) = 0 by the completely reducibility of A n k as a P (n − 1)0-module. Up to a scalar multiple,
65)
66)
2) Equation (2.62) holds.
It is straightforward to verify
Therefore, the right side of (2.62) is a P (n − 1)-submodule.
3) The quotient module
as P (n−1)0-modules. We useū to denote the image in the quotient space for u ∈ A n k . For
for i, j ∈ 1, n, we get
by (2.48) with t = 1, (2.52) and (2.62). Thus 1 / x
is irreducible. By the similar arguments as those in 3), we can prove that A n 0 / 1 is irreducible.
Recall that
is a P (n − 1)0 submodule. Let V r k,l be the P (n − 1)0-submodule of A r k,l generated by Table 1 x
and let W r k,l be P (n − 1)0-submodule generated by Table 2 x
we have the following composition series of P (n − 1)0-submodules:
for all 0 < l ≤ n, 0 ≤ t < r, 0 < s < n − r, s + t = l and α r+1 − α r + l = k. We prove it case by case.
(a) l < n − r.
We have
So (2.86) holds when l < n − r.
(k + n − r), we set
Again by induction on t, we obtain (2.86) holds for n − r ≤ l ≤ k. It can be similarly proved when l > k and l ≥ n − r.
Now let
).
Taking summation on j, we get
It is not difficult to verify that the subspace s+t=l,
is invariant under P (n − 1)0, which implies that it is equal to V r k,l exactly. By a similar argument, we obtain that
Now it is easy to see
(k + n − r).
According to the above arguments,
for some s 0 , t 0 , k r , k r+1 ∈ N such that s 0 + t 0 = l, k r+1 − k r = k − l and 0 ≤ s 0 < n − r.
(1) l > n − r.
Furthermore,
By induction on t, we obtain
Consequently,
Again by induction on t, we obtain 
Proof. Suppose k ≥ 0. We prove the theorem step by step.
we can get some 0 = f 1 (
we get some 0 = f 2 (x r , x r+1 ) ∈ f . Since
we obtain x αr r x α r+1 r+1 ∈ f with α r+1 α r = 0 and α r+1 − α r = k.
Assume k ≥ n − r > 0. Since Table 1 and (2.113). It can be verified that P (n − 1)
It can be similarly proved when k < n − r.
Again we assume k > n − r. The proof for k < n − r is quite similar. 
Up to a scalar multiple, f ′ should be in form of
for some t ∈ 0, r, s ∈ 0, n − r − 1 and
We divide our argument into three subcases.
(a) If n − r ≤ l 0 ≤ k, then we have
for n − r ≤ l < l 0 . Thus we have
for k ≤ l < l 0 . By (2.136) and (a) with g replaced by θ n−k+1 · · · θ n , we get
Consequently, x k−l−l r+1 ξ r θ n−l+2 · · · θ n ∈ f for all l < n−r by Theorem 2.3. Thus we obtain W r k,l ⊂ f for l ∈ 0, n by (a) with g replaced by x k−n+r r+1
(k + n − r). Observe that n − r < l ′ < k and
we obtain A r k,l ′ ⊂ f , which implies A r k ⊂ f . 4) k = n − r. Note (E i,j − E n+j,n+i )(θ r+1 · · · θ n ) = 0 (2.141) if i, j ∈ 1, r or i, j ∈ r + 1, n or i ∈ 1, r and j ∈ r + 1, n. When i ∈ r + 1, n and j ∈ 1, r, we have (E i,j − E n+j,n+i )(θ r+1 · · · θ n )
= −x i x j θ r+1 · · · θ n + (−1) i−r θ j θ r+1 · · ·θ i · · · θ n = (E r,j − E n+j,n+r )(E i,r+1 − E n+r+1,n+i )(E r−1,r+1 − E n+r+1,n+r−1 ) (x r 1 θ r − x r θ r−1 )x r+1 θ r+2 · · · θ n ∈ V r n−r . (2.142)
Thus P (n − 1)0(θ r+1 · · · θ n ) ⊂ V r n−r . Since (E i,n+j + E j,n+i )(θ r+1 · · · θ n ) = 0 (2.143) and (E n+i,j − E n+j,i )(θ r+1 · · · θ n ) = (x i θ j − x j θ i )θ r+1 · · · θ n ∈ V r n−r,n−r+1 , (2.144)
we obtain P (n − 1)1(θ r+1 · · · θ n ) ⊂ V r n−r , that is, θ r+1 · · · θ n ) /V r n−r = Cθ r+1 · · · θ n . By the similar arguments as in 3), we get that A r n−r / θ r+1 · · · θ n is irreducible.
Proof of Theorem 2
In this section, we investigate the polynomial representation of the Lie superalgebraQ(n− 1) (n ≥ 3).
Recall
C(E i,j + E n+i,n+j ),Q(n − 1)
C(E i,j + E n+i,n+j ), (3.1)
C(E i,n+i + E n+i,i − E i+1,n+i+1 − E n+i+1,i+1 ) + n i,j=1,i =j C(E i,n+j + E n+i,j ) (3.2) and A r k,t = Span{x α θ i 1 · · · θ it | i 1 , · · · , i t ∈ 1, n; α ∈ N n , − forms a Cartan subalgebra ofQ(n − 1). We study the representation case by case.
Case 1, r = 0. 
